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1 Introduction 

Delay differential equations (DDE) 

i{t) = f{t,Xt) (1) 

are important in many areas of engineering and science (see e.g. |2] and the references 
therein). Let to,ti e M with to < ti. If a g M^q denotes the maximal delay and x : 
[to — a, ti] is a continuous function then for t e [to, ti] the function Xt : [—a, 0] — > M" 

denotes its (restricted) translate, which is defined by Xt{6) = x{t + 6) for 6 e [— a, 0]. A 
continuous function x : [to — a, ti] M" is a solution of ([T]) which takes at the initial time 
to the initial value (j) e C := C([— a, 0], M"), if it satisfies the following initial condition and 
integral equation [TOt Lemma 1.1] 

Xto = (p, x{t) = (l){0) + ( f{s,Xs)ds for t G [to,ti]. (2) 

Jto 

Note that it is assumed that / : D M" is defined on an open subset D c M x C and 
[to, ti] 3 s t-^ /(s, Xs) G is well-defined and continuous. 

Instead of viewing solutions x : [to — a, ti] M" as functions with values in one can 
equivalently consider the induced mapping [toi^i] b t Xt e C (see e.g. jUIIU])- Utilizing 
([2]) and a contraction argument one can show the following existence theorem. 
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Theorem 1.1 ( |10t Theorem 2.3]). Suppose that f : D ^MJ^ is continuous and Lipschitz 
continuous w.r.t. the second argument on every compact subset of D. Then for (to, (p) ^ D 
equation subject to the initial condition Xt^ = (j), has a unique solution. 

Examples of delay differential equations ([1]) include 

• ordinary differential equations (a = 0) x{t) = F{x{t)) 

• differential difference equations x{t) = f{t,x{t),x{t — Ti{t)), . . . ,x{t — Tp(t))) with 

• integro-differential equations x{t) = 5° ^ g(t, 9, x{t + 6)) dO 

Another important class of delay differential equations which generalizes ([T]) are 

• neutral delay differential equations x{t) = f(t,Xt,Xt), i.e., x{t) depends not only on 
the past history of x but also on the past history of x 

For an approach to a general class of partial differential delay equations, see I2U] . 

Solution theories for DDEs ([T]) adopt the point of view of semigroup theory and have as 
a common feature that they work with the integral equation representation ([2]) (|U El IS])- 
In this paper we suggest a new approach to delay equations which is based on a unified 
Hilbert space approach for differential equations by Picard et al. [T^ [T5| [T6] and focusses 
on the properties of the time derivative as an operator on tailor-made solution spaces of 
exponentially bounded functions on the whole real line. Applying this approach to DDEs, 
it turns out that unbounded delay is not more difficult than bounded delay and many 
different classes of equations with memory, including integro-differential and neutral delay 
equations, can be treated in a unified way. The method consists in solving the differential 
equation in a weak sense. As a trade-off, it is possible to solve equations with source terms 
like characteristic functions or finite measures with bounded support on M. 

In order to illustrate one of the main ideas of this new approach, namely the time derivative 
as an operator acting on a function space of potential solutions defined on the whole 
real line, consider a simple special case of DDEs: scalar autonomous ordinary differential 
equations and their corresponding initial value problems 



For simplicity assume that / : M ^ M is Lipschitz continuous and satisfies /(O) = 0. To 
extend this initial value problem on M^o to M, denote by x : M^o ~* hs unique solution. 
X is continuously differentiable and x(0+) = Xq. We trivially extend x by setting 



The extension x is continuously differentiable on M\{0}. Utilizing the Heavyside function 
Xr>o! compute the distributional derivative of x 



x{t) = f{x{t)) for t E M>o 



x(0) = e ffi. 




for t G R. 
for t e M: 
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1 Introduction 



where S is the Dirac deha distribution. Hence, the distributional derivative of x satisfies 
(keep in mind that /(O) = 0) 

x' = f{x{-)) + xo5. 

With this example in mind, we develop a solution theory for right hand sides being distri- 
butions. Moreover, we will cover a comprehensive class of initial value problems within our 
perspective (Theorem 15.41) . The simplifying assumption /(O) = will be replaced by the 
notion of causality (Theorem 14. 5p . In order to consistently develop an operator-theoretic 
point of view, we need a glimpse on extrapolation spaces and view the time derivative as 
an operator on embedded Sobolev spaces of exponentially weighted functions on M which 
form a Gelfand triple. 

The structure of the paper is as follows. In Section [2] we introduce the time-derivative as 
a continuously invertible operator in an L^-type space. We define the time-derivative on 
the whole real line in order to be able to use the Fourier transform and have a functional 
calculus at hand which allows to consider autonomous linear equations of neutral type very 
easily (Theorem IS.lSp . We keep the paper self-contained but cite the basic concepts from 

m- 

Section [3] gives the basic solution theory for differential equations of the form u = F{u), 
where F is Lipschitz continuous in some appropriate sense. Here, the term solution theory 
means that we define a suitable Hilbert space in order to establish existence, uniqueness 
and continuous dependence on the data. It should be noted that the respective proofs are 
based on the contraction mapping theorem and are therefore comparatively elementary. 
We emphasize that since our approach is well-suited for the Hilbert space setting, there 
are very few technical difficulties. In particular, we do not encounter problems due to the 
non-refiexivity of the underlying space. This may lead to an easier treatment of stability 
and bifurcation analysis, since it avoids using the sun-star calculus j^. 

Section H] is devoted to the study of causality which roughly means that a solution up to 
time t only depends on the right hand side up to time t. We also state a notion which is 
dual to causality and which may be called amnesic. This concept gives a possible way to 
rigorously define what it means for a differential equation to be a delay differential equation. 
The notion of causality is of prime importance to describe physically reasonable equations, 
it was so far almost not present in the classical literature on differential equations and only 
recently gained some attention fC2\ I2T| [27] . Section H] also provides a theorem (Theorem 
14. 5p that states that reasonable right hand sides lead to causal solution operators. 

Section [5] illustrates the applicability and versatility of the concepts developed in the Sec- 
tions [3] and m The first part of this section deals with the formulation of initial value 
problems within our context. In the second part we present a method to establish local 
solvability. We only give an introductory example of how to treat equations of the type 
u{t) = g{t,u{t)), where we assume g to be only locally Lipschitz continuous. Adopting 
this strategy to the general case would then also lead to a respective local solution theory. 
However, since we aim to cover a broad class of a priori different structures, we focus 
on global-in-time solutions in order to keep this exposition rather elementary and to avoid 
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many technicalities. In the third part of this section we study special types of delay differen- 
tial equations including some retarded functional differential equations, integro-differential 
equations and equations of neutral type. 

To fix notation, let H denote a Hilbert space over the field K where K e {M, C}. 



2 The Time Derivative 

To develop our operator-theoretic approach to differential equations with memory, it is 
pivotal to establish the time derivative as a boundedly invertible operator in an adequate 
Hilbert space setting. This strategy uses specific properties of the one-dimensional deriva- 
tive on the real line. In order to describe these structural features appropriately, we need 
the following operators. 

Definition 2.1. Denoting by Coo (K) the set of smooth functions with compact support 
and by L'^{B) the Hilbert space (of equivalence classes) of square-integrable functions w.r.t. 
Lebesgue measure, we define the time derivative 



: Coo (K) c L\m) L^(M) : (j) ^ (f)' 
and the multiplication operator 

rric : Coo (K) ^ L'^{^) ^ : ^ (x ^ x4>{x)). 

Moreover, the Fourier transform J-'c is defined in the following way 



:Coo m ^ - 



2n 

Tlieorem 2.2. The operators dc, rric, J^c o-f^ densely defined and closable. Moreover, for 
d := —d*,m := m^, T := Tc the following properties hold 

(a) T is unitary from L^(M) onto L^(M), 

(h) D{d) = {/ e L'^i^)', f ^ where f denotes the distributional derivative, 

(c) D{m) = {/ E L2(M); (x - xf{x)) s L\R)}, 

(d) d,im are skew- self adjoint, 

(e) d = T*YmT . 

Proof. The operators dc, rric, J^c are clearly densely defined. Closability of J-'c is clear, 
since J^c is norm-preserving and has dense range [251 Theorem V.2.8 and Lemma V.1.10]. 
Consequently, ([a]) follows. The closability of dc and follows from dc ^ d and nic ^ rn* , 
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2 The Time Derivative 



respectively. (jQ is immediate from the definition of distributional derivatives and Q is 
easy. The fact that id is selfadjoint can be found in Example 3.14]. (|ej) is proved in [H 
Volume 1, p. 161-163]. Thus, also (jd]) follows. □ 

Before we turn to further studies on the operator d, we need to define weighted L^-type 
spaces. This was also done in [T^ Section 1.2] and for convenience and to fix some notation 
it will be paraphrased shortly. 

Definition 2.3. Let qeR. Define Hgfl{R) := {/ e Ll^{R); {x ^ exp{- gx) f (x)) e L^{R)}. 
We endow Hgfi{R) with the scalar product 

(/,5') ^ </,fl'>e,o := fix)*g{x)exp{-2gx)dx. 
Jm. 

We note that the associated norm, denoted by | • |^ q, is an L^-type variant of the "Morgenstern- 
norm" ([13]), which is familiar from the proof of the classical Picard-Lendelof theorem. 
Moreover, we define the following unitary operator 

exp(-£*m) : //,,o(K) ^ L\R) : f ^ {x ^ exp(-^x)/(x)). 

By the unitarity of exp(— ^m) we have exp(— pm)^^ = exp(~^m)*. 

Remark 2.4. We note that for selfadjoint operators A the spectrum is purely real, i.e., 
c M. Consequently, the spectrum of skew-self adjoint operators is contained in the 
imaginary axis. 

Denoting by ||-||l(x,y) the operator norm of a bounded linear operator from the Banach 
space X to the Banach space Y , we have the following corollary. 

Corollary 2.5. Let g e M\{0}. Define dg := exp(--^m)^^(?exp(— ^)m). Introducing the 
Fourier-Laplace transform Cg := T ex.p{~gm) and do,g '■= dg + g, we have the following 

(a) dg = ClimCg, 

(b) the operators im + g, d^^g are continuously invertible, 

(c) d,}^ = Cl{\m + g)-^Cg, 

(d) II^O^il|L(Hg,o(M),f/,,o(R)) = IKi'^^ + ^')"1l(L2(R),L2(R)) = • 

Moreover, the following formula holds 



(5o» {x) = {{dg + g)-'v) (x) 



Za^vit) dt, g>0, 



for all Lp E Ceo (I^) (ind x e 



Proof, ([a]) is immediate from Definition 12.31 and Theorem 12.21 (jb]) follows from Remark 
12.41 Q is clear by The remaining formulas are elementary. □ 
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We emphasize that do^g only depends on g with regards to the domain of definition, i.e., 
for all / E D(5o,gJ n D^do^g^) it holds ^0,^1/ = ^0,52/ fo^' ciU Qi, Q2 ^ Moreover, Coo (M) 
is a core for ^o,^ and we have for e Cro (M), the equality 

d(f) = do,g(p = {dg + Q)(j). 

We will show that our solution theory is independent of q (see Remark 12.111 and Theorem 
14.61 for a more detailed discussion). 

In our approach to delay differential equations, we will need a glimpse on extrapolation 
spaces. The core of the issues needed here is summarized in the next definition and the 
subsequent theorem. 

Definition 2.6. For q e M\{0} we define Hg^iiM) := H^g^iCR)* the space of continuous 
linear functionals on H_g^i(M.). The respective norm is denoted by Moreover, define 

Hg,i{M.) as the Hilbert space D(do^g) endowed with the norm : (p i—>- \do,g(p\gfi. 

Remark 2.7. We note that we may identify Hg^Q(R) c Hg^_i(R) via the mapping 

Hg^oW 9 (i^-,,i(ffi) Bij^ <exp(-^m)0,exp(^m)7A>o,o =: <0,^>o,o ^ K) e i/,,-i(M). 

We shall do so henceforth. 

Theorem 2.8. Let g e M\{0}. Then we have the following chain of continuous embeddings 

//_,,i(M) ^ H_g,om "'-^"^ ^o,o(M) ''^P(--r)" Hg,,(R) ^ Hg,_^{m), 
the triple {H_g^i{R) , HQfi{M) , Hg_i{R)) is a Gelfand triple. The following mappings 

do,i^o -H-g^iiR) ^ ^r-,,o(ffi) 

^ d^^^gcj) 
do,o^-i ://,,o(M) ^ (M) 

^ (i/-,,i(M) 3 <0, ~do,^g^)o,o) 
do,-i^o -HgM^) ^ HgfliR) 

are unitary. 

Proof. This is part of the more general construction of Sobolev chains and can be found 
in[ISl|23]. □ 
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2 The Time Derivative 
Remark 2.9. 

(a) For the sake of simphcity, we will write 5o _g for 5o,i_>o, ^o^-^ for Sqa^i, do^^ for 5o,o^-i 
and ^0,-^ foi' f^o.-i^o- With this notation, we arrive at the following duality. For 
(^,•0 6 6*00 (M) and g e M\{0} we have 

(do,g(f), V'>o,o = <0, -do-gipyofl and <5^j0, ^/'>o,o = <0, "f^(j;ieV^>o,o- 

(b) We shall mention another possible duality, namely that of the Hilbert space adjoint, 
which in this setting may be computed. It is straightforward to show that the adjoint 
ido,lr of 5o-^ : //,,o(K) - if,,o(M) is given by 

(^0^^)* = exp(f)m)~"'^ exp(— f)m)5(^i^ exp(— ^m)~"^ exp(^m). 

We may also use the continuous extension of (c'(7^)* as a Banach space isomorphism 
from i/^,,-i(M) to i?g,o(M). 

(c) Assume ^ > 0. Developing our approach to delay equations, we will define what it 
means for a mapping to have delay or to be amnesic in Section 14.21 Prototypes for the 
former are d^ ^ and (5,^1^)*, for the latter (^o^^)* and c^o^i^- 

(d) All the theory developed above can be generalized to function spaces with values in a 
Hilbert space. A way for doing so is by means of tensor product constructions, which 
can be found in |26[ [16]. We use the notation introduced in [16], i.e., for two Hilbert 
spaces Hi and H2 the tensor product will be denoted by Hi (x) H2. For total subsets 
Di c Hi and D2 ^ H2, we denote the algebraic tensor product by 

a 

Di ® D2 := span{0 g) g Di, e D2}. 

Let H he a. Hilbert space and A : D{A) ^ Hi ^ H2 he a. closable, densely defined 
linear operator. The identity in H is denoted by Ifj- Let D ^ H he dense. For 
e D[A) and -0 e D, we may define 

(A® lH){(j)®ij) := -0. 

a 

It can be shown that A (S) Ih has a well-defined linear extension as an operator from 

a a 

D{A) (^1 D <^ Hi (i) H to H2 (i) H , we re-use the name A(i) 1h for that extension. The 

a 

closure of A 1h is again a linear operator, which will be denoted by A (x) 1^;^. An 
analogous construction can be done for 1h ® A. 

(e) We specialize the latter remark. If i7 is a Hilbert space of functions, e.g., if H = 
L^(Q,E,^) for some measure space (fi, the Hilbert space tensor product 
L'^{Q, E, ii)®Hi is isometrically isomorphic to the space of square-integrable i/i-valued 
L^-functions L'^{i},'E, /j,; H). In that case the operator lL2(c,s,/i) (8) ^ is the canonical 
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extension of A, wliicli acts as 



wfiere S e E,/i(S') < oo,0 e D{A) and xs denotes tlie cliaracteristic function of the 
set S. We shall use the identification of the tensor product and the space of vector- 
valued functions in the sequel. We will not distinguish notationally between the norm 
in Hg^ki^) and ifg^fc(R) (x) H for A;e{— 1,0,1}. Moreover, we will also use the name A 
for the extension of an operator to the tensor product. 

The operator d^^ is a normal operator in Hgfi(M.). Therefore, it admits a functional cal- 
culus, which may be generalized to operator- valued functions. Note that, similar to the 
forumlas for d^^, the functional calculus depends on the sign of g, which we denote by 
sgn(p). We denote by Bc(x, r) the open ball in C around x e C with radius r e ]R>o. 

Definition 2.10. Let g e M\{0}. Define := (x) 1^. Let r > ^j^ and M : 

Bc{sgn{g)r,r) L{H) be bounded and analytic. Define 



where 



for (/) G Coo (M; H). 



Remark 2.11. 

(a) It is easy to see that \\M{d^l)\\L(^H,,,m®H,H,.m®H) < ^^VzeB(sgn{eW)\W{z)\\^H)- 

(b) The definition of M(c'q"^) is largely independent of the choice of g in the sense that the 
operators M(5(^^J and M^dQ^^^) for two different parameters gi^ g2 such that ■ ^2 > 
coincide on the intersection of the respective domains. A proof of this statement can 
be found in [161 Theorem 6.1.4] or |23| Lemma 1.3.2]. 

(c) The operator M{dQg) has a unique continuous extension to i/^._i(R) (x) iJ, which will 
be denoted by M(5q"^) as well. More precisely, we may define 

M{d,^l) : if,,-i(M) H 

- (//-,,i(M) ®H3ij^ (M{d,^l)d,^lcl), -do,-,^)o,o). 

This definition is justified by observing that M{dQ^^)dQ^^(j) = 5(^^M(5(^^)0 for all (f) e 
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3 Basic Solution Theory 



A prominent example of an analytic and bounded function of Oq ^ is the delay operator, 
which itself is a special case of the time translation: 

Example 2.12 (Time translation). Let r e R>o, Q ^ II^>i/2r, heM. and u e HQ^iM.) (x) H. 
We define 

ThU := u{- + h). 

The operator e L{Hg^Q{K)®H, Hg^Q{E.)®H) is called time translation operator. We note 
that Thd^^^ = d^^^Th holds. Therefore, there is a unique continuous extension of to the 
space Hg^^i{M) ®H. We will use the same name for that extension. The operator norm 
of Th equals exp(/if)). If /i < the operator Th is also called a delay operator. In that case 
the mapping 

Bc{r,r) 3 z ^ M{z) := exp{z~^h)lH 
is analytic and uniformly bounded. An easy computation shows for u e H^ q (x) H that 

exp((5(^^) ^ h)lHU = M{dQ^^)u = L* exp((im + g)h)'L^u = u{- + h). 

Analytic, bounded, operator-valued functions of d^^^ have the following properties, which 
can be found in [T^ Theorem 2.10] or [23] Lemma 1.3.2] (the link between the causality 
notions is established in P5| Lemma 1.2.3]). 

Theorem 2.13. Let r E ]R>o, H a Hilhert space and M : B£(r, r) — > L(^H) be an analytic, 
bounded mapping. Then for all g e M>i/2r the operator M(5(^^) is a causal (in the sense of 
[T^ [7^ also cp. Definition 4.1), bounded linear operator in Hgfl{E.) ® H . 



We shall discuss other possible analytic functions of ^ in Example 15.131 



3 Basic Solution Tlieory 

Let if be a Hilbert space. In the framework prepared in the previous section we consider 
equations of the form 

d^^,u = F{u). (3) 

Before we desribe the properties of F, we introduce a particular type of test function space 
and a particular type of distributions. 

Definition 3.1. Denoting by suppc/) the support of a function 0, we define 

(7+ (M; H) := {0 e (M; H) ; sup supp oo, there is n e N with (f)^''^ e Ca-j (M; H)} 
and 

(7+ (R; H)' := {0 : C+ (R; if) ^ K; linear}. 
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The right-hand side F in ([3]) is assumed to be a mapping 

F:C^{R;H)-^C+{m;Hy. 

Moreover, assume the existence of Qq e R>o and s e (0, 1) such that for all g e M>gg there 
is e M>o such that for all u,w e Cca (IR; H) and i/j e C*+ (R; H) we have 

\F{0){iIj)\ ^ K\^\^,^i and \F{u){^) ~ F{w){ij)\ ^ s\^\^,^i\u ~ w\,,o- (4) 

It is straightforward that for all g e ]R>go the mapping F possesses a unique Lipschitz 
continuous extension F^ from H^filM.) (S) H to Hg^^i(M.) (x) H. The respective Lipschitz 
constant may be chosen strictly less than 1. In order to obtain well-posedness of ([3]), 
the task is in finding g such that ([3D admits a unique solution u, which continuously 
depends on the right hand side F in some adapted sense. In this setting should hold in 
iJg._i(R) (g) H noting that 5o,g can be regarded as the unitary operator from Hq^q{M.) (x) H 
onto //g^_i(]R) ® (Theorem I2.8p . In this situation we arrive at the following result. 

Theorem 3.2 (Picard-Lindelof ) . Let go e ]R>o, s e (0,1) and let F : Coo (M; i^) ^ 

C*+ (M; H)' be such that the estimates (j4]) hold for all g e ]R>g,). Then for all g e ]R>go there 
exists a uniquely determined u e Hg^QiM.) (x) H such that 

do,,u = Fg{u) m Hg^_i{R) ® H. 

Proof. Let g e M>p(,. We consider the fixed point problem 

u = c\,iF,{u). (5) 

According to Theorem 12.81 the operator d^'^ is unitary from i^^ _i(]R) H to H^ oiM.) (x) H. 
Since the Lipschitz constant of F^ is strictly less than 1, the contraction mapping theorem 
implies the existence of a unique u e Hg^oiM.) (x) H satisfying For this fixed point it 
follows that 

do,,u = F,{u) in (M)®i7. 

The uniqueness of the solution follows immediately, since for any element x e Hg^Q{M.) (x)H 
satisfying the fixed point equation holds as well. Since this fixed point is unique, 
we conclude u = x. □ 

If we discuss a particular class of equations of neutral type (see Theorem I5.16p . it turns 
out that the respective function F satisfies another estimate than (j4]). We consider other 
possible cases subsequently. 

Corollary 3.3. Let go e M>o, s e (0, 1) and let F : Coo (M; H) C+ (M; H)' be such that 
for all g e M>£,(,, there is K e M>o such that for all u,w e Cro (IR; H) and ip e (7+ (M; H) 
we have 

|F(0)(^)|<K|V|_,,o and \F{u){ij) - F{w)m ^ s\ij\.,^o\u - w\,^,. 
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3 Basic Solution Theory 

For Q E ]R>£,(, denote by Fq : //^ ® H ^ i/go(^R) ® H the strictly contracting extension 
of F . Then for all g g ]R>^o there is a unique u e Hg^i{E^ (x) H satisfying 

do^gU = Fg{u) 

Proof. Let q e M>g(,. We consider the mapping 

G : Hgfl{M) ®H ^ Hg^_i(R) (g) H 
V ^ do,sFg{do^lv). 

Since the operators c'o.e and ^q"^ are unitary, it follows that Gg is strictly contracting. Thus, 
by Theorem 13.21 there exists a unique v e Hq^q{M.) (g) H with 

So,eV = G{v) = do^gFg{dolv) 

which is equivalent to 

By setting u := d^ lv e H^^i{R) ® H, we obtain the desired solution of our differential 
equation. The uniqueness is clear since any solution x e iJ^ i(M) (g) H satisfies 

do^gX = Fg{x) = Fg{dQldo^gx). 

Hence, by the uniqueness of v we obtain do^gX = v and thus x = u. □ 

If we impose a modified Lipschitz-type condition on F, it turns out that we gain better 
regularity of the solution. It should be noted that in contrary to (jlj) this estimate does not 
impose a strict contractivity condition on F. 

Corollary 3.4. Let k e {0,1}, go,C e M>o and let F : C^{R;H) C+{R;H)' be 
such that for all g e R>Qg, there exists K e M>o such that for all u,w e Ceo {^',H) and 
if) E (7+ (M; H) we have 

|F(0)(^)|<K|V'|-,,fc and \F{u){iP)-F{w){iP)\^G\i^j\-,,k\u-w\,^u. 

For g E M>gg we denote by Fg : Hg^k{^)®H — » i/g^fc(M)(x)if the unique continuous extension 
of F. Then for all g e M>max{c,eo} there is a unique u e if^ fc+i(M) ® H with 

do,sU = Fg{u) m //,,fc(M)(x)if. 
Proof. Let g e M>max{c,£io}- ^ (^5 observe that by Theorem 12.81 

g g 
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Consequently, considered as a mapping with values in i/^ fc_i(]R)(x)if is strictly contract- 
ing. Thus, we are in the situation of Theorem 13.21 if /c = or in the situation of Corollary 
13.31 in the case k = 1. Hence, we find a unique u e //^ ^(M) H with 

do^gU = Fg{u). 

Since Fg{u) e H^^k{^)®H, it follows that indeed u g Hg^k+i{^)® H and the equation even 
holds in J/g,fc(M) ®i7. ' □ 

Remark 3.5. It should be noted that the solution of seems to depend on the choice of 
the parameter g e K>gQ. This however is not the case and will be shown in Theorem! 



Now we show the continuous dependence of our solution u oi on the function F with 
respect to a suitable topology. For a Lipschitz continuous mapping F : Hgfi(R) (x) if — » 
iig _i(R) ® H we denote the best Lipschitz constant of F by |-F|Lip- 

Theorem 3.6. Let g e ]R>o f*"-^^ 

F, G : i/,,o(K) ® H 

he two Lipschitz- continuous mappings with 

\F\up + l^'kip ^ ^ 
2 

Furthermore let u,v e Hgfi{R) (x) H with 

do^gU = F{u) and do^gV = G{v). 
Then ^ 

Proof. For u and we compute in Hgfl{E?) ® H 



u 



V =d^lF{u) d,lG{v) 
= \d,^,inn) - F{v)) ~ \d,}g{G{v) - F{v)) + \d,lF{u) \d,}p{v) 

= \s,],{nn) " F{v)) + \d,l{G{u) - G{v)) \d,l{G{v) F{v)) + \d^l{F{u) - G{u)). 

The latter yields 

\u- v\g^Qii]-{\F\up + \G\up)\u- v\g^Q+ sup |F(x) - 
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3 Basic Solution Theory 



u-v\^^o^ \F\,. .\GU. sup \F{x) - G{x)\^^^i. □ 



and thus 



2 

Remark 3.7. 

(a) In the case of 

F, G : H,,i{R) if,,o(M) (g) if 

with 

2 



we consider the mappings F, G given by F{v) = do^gF{dQ^^v) and (^(f ) = do,gG{dQ^^ 
for v G Hgfi(R)(S)H. These mappings are again Lipschitz continuous from Hg^Q(R)(^H 
to Hg_i{R)<S) H with 

\F\up = \F\up and [GIlip = IGIlip- 

Thus we have 

|S-^L,o< ^ip^i sup - 



for 5o,gM = -F(S) and do^gV = Giv) by Theorem 13.61 Since u := (5q^^S and v := (^qJ?; 
satisfy do^gU = F[u) and do^gV = G{y) we conclude that, by using the unitarity of d^^^ 

(b) If 

F, G : ii,,fc(M) (X) ^ if,,,(M) (X) H 

with 

l^lup + l^lup 

2 ^ 

for /c e {0, 1} we consider the functions 

F, G : Hg^^m //,,fc_i(M) (X) if 

with F[x) = F{x) and G{x) = G{x) for x e iig ,fc(M) (x) ii. Then we can estimate 
the Lipschitz-constants of F and G by ^?^^|F|Lip and f?~^|G|Lip, respectively. Thus we 
conclude ^ ^ 

l-^kip + |G|Lip ^ ^ 
2 

and hence, we can apply Theorem 13.61 in the case A; = and Remark I3.7([a] ) in the case 
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k = 1. Thus for u,v e H^^^iM.) ® H with do^gU = F{u) and do^^v = G{v) we get 



Another common case is that F has two arguments, i.e., 

F : (i/,,o(M) ®H)® (//,,-i(R) ®H)^ ® H 

{uJ-)^F{u,f), 

where the second argument / should be interpreted as a certain source term, cf. Theorem 
15.41 Then we arrive at the problem of finding u e H^ q (M) (x) H such that 

do,gU = F{u,f) (6) 

for a fixed / e Hg _i(R) (x) H. We now define what it means for to be autonomous. 

Definition 3.8. An ordinary differential equation of the form ([6j) is called autonomous if 
F commutes with time translation, i.e., for all u e Hgo{R) (S) H,f e i/g_i(]R) (x) H and 
/i e R we have 

F{ThU,Thf) = ThF{uJ). 

Remark 3.9. In the situation of an autonomous equation (|6]) it follows that for a solution 
u E o(R) ® H and for each h eR 

do,gThU = Thdo^gU = ThF{u, f) = F{ThU, Thf). 

This means that the translated solution solves the equation for the translated source term 



4 Causality and Memory 

4.1 Causal Solution Operators 

If a solution of an evolutionary problem up to time a only depends on the equation up to 
time a, then the solution operator is called causal or nonanticipative. Already Volterra im- 
plicitely used nonanticipative operators in his work on integral equations. Later Tychonoff 
made contributions in developing the theory of functional equations involving causal op- 
erators, cp. also |22| [T2] . We consider equations of the form ([3]) with time on the whole 
real line. In this setting causality is a natural property of the solution operator. At first 
we give a definition of causality in our framework. 
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4 Causality and Memory 

Definition 4.1. Let X,Y be Hilbert spaces, ^) e M. A mapping 

W:D{W)^ ^,,o(K) (X) X ^ i^,,o(K) ® Y 
is called causal if for all a e M, x, y e 

(Xr<. K) (x - = ^ xr<. ("^o) (Vl^ (a;) - W (y)) = 0) . 

Remark 4.2. 

(a) An equivalent formulation of causality is the following, cf. also fIT\ I27|. A mapping 

W:D{W)c^ i/,,o(M) ® X -> H,^o{R) (x) F, 
is causal, if for all a e M 

XM<,("^o)W^ = XR<a("^o)W^XR<a("^o)- 

(b) If 7^ 0, then it is immediate from the formulas in Theorem 12.81 that d^^^ is causal if 
and only if g > 0. 

It is remarkable that causality is actually implied by the uniform Lipschitz continuity we 
required in Theorem l3.2[ In order to prove this fact, i.e.. Theorem 14. 5 [ we need a definition. 

Definition 4.3. Let w e C+ (M; H)' . Then define 

J— CO J- 

Remark 4.4. Let g e ]R>o. We choose to identify w s (R; H)' , for which there exists 
C E M>o such that for all i/j e C^{R; H) it holds < C\ilj\^g^i, with an element of 

Hg^_i{R) (g) by appropriate continuous extension. Then we have the equality 



I 



w = do^w E H^.^oiW ® ^ = H.flW ® H. 
Indeed, let ■0 e (7+ (M; H). Then we have 



^For a Hilbert space H and a bounded, measurable function : R ^ M, we denote 
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4.1 Causal Solution Operators 



Theorem 4.5. With the assumptions and the notation from Theorem \3.^ we have that for 
all Q G ]R>£,o the mapping d^^^Fg is causal as a mapping from Hgfl{K) ® H to Hgfi{E.) (x) H . 

Proof. Let a e R, ^ e M>j3q and let e Coo(M) be bounded. Now, let v e (M; H) and 
£ C*oo (I^; -f^) be such that sup supp ^ a. For r] e Mj>p we compute 



F(c/)(mo)v)m 



J— 00 J— 00 

F,{v){-d,^\ij) - F,{<f){mo)v){-d,^\i 



Summarizing, we get for 77 e Rj.^ 
By continuity, we deduce for 77 e Rj>g 



|o,oe''''|XK>a("^o)^^|r?,o = l^^lo.o' 



,ria 



Ht)\ 

Ja 



^e-'^'dt 



l^|o,o \v{t + a)\'e-''^'dt 



Letting 77 ^ 00 in the above inequality, we conclude that 

\So,lF,{vm - c\lF,{xR^Smo)v)m = 0. 

Hence, by the choice of ijj, the function dQgFg{v) — dQ^gFg{x{-cij,a){T^o)v) is not supported 
on the set R<a- This yields the claim. □ 



Of course, as it was already noted in Remark |3.5[ it is tempting to believe that the solution 
of ([2]) provided by the above Picard-Lindelof-type theorems (cf. Theorem 13.21 and the 
Corollaries 13.31 and 13. 4p depends on the particular choice of g. This is not the case as our 
next result confirms. 

Theorem 4.6. With the assumptions and the notation from Theorem the following 
holds. The respective solutions Wg^ e Hg^fi(R) <S) H , k s {1,2}, of for Qi, Q2 ^ ^"07 
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4 Causality and Memory 



coincide, i.e., 

w,, = w,, E H,,fl{R) (X) iJ n if,,,o(K) ® H 

provided that 

do,e^Wg^ = Fg^{wg^) and 80,^2'^^^ = Fg^{wg.^) 
holds in Hg^_i{E.) (x) H and Hg.^_i{E.) (x) H , respectively. 

Proof. Let a e M, q s Mj>gy. Denoting by Wg the solution of 

do,o'^e = F,{w,) G if,,-i(M) (x) H, 

we recall Wg g Hgo(^) ®F[. Moreover, we have due to causality, i.e.. Theorem 14.51 

XR<a (rno) Wg = Xm<, {mo) d^^F {wg) 

= Xm<, [mo) do^lF {xu^a ("^o) Wg) . 

Let g E be such that min{^i, ^2} ^ Then, as d^^Fg leaves HgX)(K) (x) H invariant, 
we have for k e {1, 2}, since XR<a{''^o)wg^. e Hgfi{W) (g) H, the following equality 

XR<a{mo)do^l^Fg^{XR<a{mo)wg,) = XR<a{mo)do,lFg{xR<a{mo)wgJ. 

Hence, 

= (wg, - Wg^lxR^a (mo) {dolFg {xR<a i^o) Wg,,) - do lFg {xR<a i^o) 'WQ2)))g^o ■ 
Using the Cauchy-Schwarz inequality, we get 

\XR<a i^o) {Wg, -Wg^)\lQ 

< l^(XiR<a {rno)wg,) ~F{xR<a (rrio) Wg2)\^ _^ |xr<„ (mo) ( Wg^ 'Wg2)\ n 

< s|Xm<, {mo){wg, -Wg^)]^^. 

Since s < 1, we deduce |xi8<a (mo) (wg^ — '^s2)\go = 0- Since a g M was arbitrary, the 
desired result follows. □ 

In the spirit of the continuous dependence result Theorem 13. 6^ we now show causality of 
the solution operator in a suitably adapted sense. Thereby, we strengthen the causality 
result by showing that the solution is independent of any future of F. Before, however, 
stating the theorem, we define the set of possible right hand sides in ([3]) for some g g ]R>o. 

Definition 4.7. Let H he a Hilbert space. For g g M>o we define Conev{HgQ(K) g) 
H; iifg _i(R) (S)H) the set of all eventually contracting mappings, i.e., F g Conev(i^g,o(IR) ® 
H; Hg^Sw^H) if and only if F : Hg^o(^)®H Hg^_i{R)0H and there exists s g (0, 1) 
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4.2 Delay and Memory 

such that for all r] e M^^, there is K e M>o such that for all u,w e C^(R; H) and 
i/j € C+(R]H) it holds 

|F(0)(^)|<K|^|_^,i and \F{u){ij)-F{w)m^s\i>\^r,,i\u-w\r,,o. 

We may summarize the solution operators of (|3]) in the following way. Define 

S, : Conev(i?,,o(M) (x) H; //,,-i(M) (x) ^ i7,,o(M) ® H, 

where for F e Conev(i?g,o(IR) (2) -i(IR) ® H) the element S'g(F) e i/^,,o(ffi) ® is the 

unique fixed point of 

Note that Theorem 13.21 ensures the unique existence of this fixed point. 
We may formulate the strengthened causality result. 

Theorem 4.8. Let g e ]R>o, a e M and let H be a Hilbert space. Let F,G s Conev{Hg Q(K)(S) 
H; i^e-i(M) ® H). Assume xk<, (mo) d^^F = xr<„ (mo) d^^^G. Then (mo) ^^(F) = 

Proof. For x, y e //e,o(M) ® H we need to show X]R<a (mo) x = x^<a i^o) V, if 

X = d,iF {x),y = c\lG (y) . 
Due to the causality of Oq^^F and d^^^G, cf. Theorem 14. 5^ we have 

XR<a (rno) X = XR<a i^o) d^^F (xm<, (mg) x) 
XM<a ("^o) y = Xr<„ (mo) f^jG (xiR<, (mo) y) 
= XK<a ("^o) d^lF (xk<„ (mo) y) 

We see that Xm<„ (mo) x and XiR<a (mo) y are both solutions of a fixed point problem for 
the same contractive mapping 

XK<a ("^o) d^^^F, 

which implies 

Xm<„ (mo) X = XR<a i^o) y- □ 

4.2 Delay and Memory 

In this section we provide a new definition for operators having delay. In order to do so, 
we define the opposite, i.e., we introduce the concept of an operator being memoryless or 
amnesic. It is remarkable that this notion is dual to the concept of causality. 



21 



4 Causality and Memory 



Definition 4.9. Let e M and X, Y be Hilbert spaces. A mapping 

W:D{W)c^ i7,,o(M) (X) X ^ i/,,o(K) ® Y, 

is called amnesic or said to have no delay if for all a e M and x,y e D (W) 

(X.,^ (mo) {x-y) = ^ Xm>. {W {x) ~ W {y)) = O) . 

If a mapping W is not amnesic, we also say W has memory or has delay. 

We observe that, by the very definition, a first example for an amnesic operator is Oq'^ for 
^7 < or (Oq^^)* for ^ > 0. We may also give other examples of amnesic operators, namely 
operators of Nemitzki type. 

Example 4.10 (Nemitzki operators). Let H he a Hilbert space, f ■.'Kx H ^ H, g s ]R>o. 
We assume that / is uniformly Lipschitz continuous with respect to the first variable, i.e., 
there exists L > such that for all t e R and x,y e H we have 

l/(^, x) - fit, y)\H ^ L\x - y\H- 

Moreover, assume /(t, 0) = for all t e M. We may define the following mapping 

F, : H,fl{R) H,,o{R) ® H : u ^ {t ^ f{t, u{t))). 

The uniform Lipschitz continuity of / together with /(t, 0) = for all t e M ensures that 
Fg is well-defined. We claim that F^ is amnesic. Indeed, let a e M and u,v e Hg,o{^) ® H 
be such that XiR>a('^o)(^ — f ) = 0. Then for a.e. t e ]R>(j we have 

Fg{t,u{t)) = F,{t,xw>St)u{t)) = F,{t,XR.St)v{t)) = F,{t,v{t)). 
Thus, the claim follows. 

An example of an operator, which has memory is 5q"^ for ^ > 0. Now, we want to define, 
when a differential equation of the form ([3]) is a delay differential equation, which, to the 
best of our knowledge, has not been done yet in a mathematically rigorous way. For a 
definition of delay differential equations of the form ([3]), one should take into account that 
this should only depend on the right hand side F. However, this right hand side is in 
general not of the form to be described as amnesic or to have delay, since F maps in 
general into a space with negative index. Taking into account that the operator {0^'^)* 
is amnesic for g > and the application of (^^j"^)* transforms F into a mapping within 
Hgfi(R) ®H (cf. Remark I2.9|1 E|)). we arrive at the following possible definition. 

Definition 4.11. Let if be a Hilbert space, ^» > and F e Co\ie^{Hgfl{R)®H; Hg_i{E)® 
H). A differential equation of the form ([3D, i.e., 

5o,^ti = F{u) 
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4.2 Delay and Memory 

is called a delay differential equation if [d^^^* F has delay. 



We illustrate this definition by means of the following examples. 

Example 4.12. Let if be a Hilbert space and let f : H ^ H satisfy analogue conditions 
as in Example 14. lU^ i.e., / is Lipschitz continuous with Lipschitz constant L > and 
/(O) = 0. Let g e ]R>l, g e H^^^iiM.) (x) H. We consider a differential equation of the 
following fornJl, with Fg being analogously defined as in Example I4.10[ 

do^gU = Fg{u) + g. (7) 

The latter equation admits a unique solution u e Hgfi{E.) ® H hy our choice of ^, cf. 
Corollary 13. 41 Moreover, this differential equation is not a delay differential equation, since, 
as a composition of amnesic mappings, the mapping u ^ {dQ^gY{Fg{u) + g) is amnesic itself. 
We may change equation (]7]) a little by introducing a time translation. Let h e ]R>o ^iid 
be the time translation of Example 12.121 Consider the differential equation 

5o,e« = Fg{T_hu) + g. (8) 

The equation ([H]) is a delay differential equation, if / is not constant. Indeed, if / is not 
constant, then there is Xi,X2 ^ H such that f{xi) f{x2)- Define u := X[-h,o]{^)xl,v : = 
X[-/i,o](')^2- Then Xk>o("^o)(w — v) = 0. Using the fact that (dQ ^)* is amnesic, we get 

XR^A^oWoiriF^ir^Hu) +g)- ido,lnF,iT^,v) + g)) 
= XK^oimo)i{do,lnF,{T^f,u)) ~ idoinF,iT_,v))) 

= XIR>o("^o)(^^o;e)*XK>o("io)(^^?(r-/^^i) - F^{T_hv)). 
Since for a.e. t e [0, h] we have {Fg{T_hU){t) — Fg{T_hv){f)) = f{xi) — f{x2) 0, we deduce 

XR>o("^o)(-^e(T-/,tx) - F^{T_hV)) ^ 0. 

Hence, as [cIq"^^* is one-to-one, we have 

XlR>o("^o)(5o;e)*XlR>o("^o)(-^e(7--hli) - Ff,{T^hV)) ^ 0. 

This yields that ([8]) is a delay differential equation. This justifies a posteriori the name 
delay operator for r_/i since, by setting / to be the identity on if, the equation ([8]) is indeed 
a delay differential equation. 



^Such type of problems will be discussed later, when we come to initial value problems. 
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5 Applications 

5 Applications 

In this section we illustrate the versatility of the concepts developed above. In particular 
we give several examples of delay problems in order to show that many delay problems 
fit into the unified framework which we developed. We start with a discussion on how to 
investigate initial value problems within our context. 



5.1 Initial Value Problems for ODE 

We discuss the initial value problem 

dou = F{u), u{0) = uq. (9) 

This problem seems not to be covered by our previous reasoning, however, as we will show 
now, our abstract solution theory also applies to this initial value problem. Since our 
approach basically builds on L^-space based arguments, we need a theorem, which justifies 
point-wise evaluation of functions. In order to do so, we define a weighted Holder-type 
space. 

Definition 5.1. Let g e M>o, H Hilbert space. Then we define for a continuous function 

(I)eC{R; H) 



0,00,1/2 := sup{|exp(-^t)0(t)|^ |tEM} 

|exp(-pt) - exp(-£)s) 0(s)|^ 



-I- sup 



\t-s 



1 1/2 



Moreover, define Cg^co,i/2i^'i H) := {0 e C(M; l^j^^oo, 1/2 < The vector space 

Ce,oo,i/2(K; H) becomes a Banach space under the norm |-|g,oo,i/2- 



We have the following form of a Sobolev embedding result. 

Lemma 5.2 ([I6l Lemma 3.1.59]). Let g e ]R\{0}. Then the mapping 

Coo (M; H) c H,^^ {R)(g)H ^ C,,„,i/2(K: H) 

u ^ {Rst ^ u{t) E H) 

has a continuous extension F to all of Hg^i (M) (S) H (sometimes called the "trace operator 
or the "operator of point-wise evaluation in time"). Moreover, for all u e Hg^i (R) (x) H 

sup{|exp(-^t) (Lm) (t)lj^ |tEM}<— ^ \u\h (^K)m 
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and 



sup 



|exp {-gt) (Tu) (t) ~ exp (-gs) {Tu) (s)|^ 



\t-s\'/' 

Furthermore, the mapping T is injective. 



t,s sR At ^ S> < \u\fj ^ 



,i(E)(g)H • 



Proof. Let (p e (700(1^; H). We have for s, t e M with s < t invoking Holder's inequahty and 
the mean value theorem 



\<f>{t)~4>{s)\ 



H 



H 




\dQ^g(j){u)\^^ exp (— 2p?/) du 



|exp(2^t) -exp(2^s)| 



|exp {2gt) — exp (2^s)| 



2\g\ \t~s\ 



1^,1 



\t — s\ max {exp [gx] \ x s [s, t}} |0| ^ 



from which we can read off the desired Holder continuity. With s ^ — OC' we also see from 
the second inequality that 



|(^(t)|<exp(^t) 



1^,1 • 



Moreover, using the relations ^o,^ = Sg + g, cf. Corollary I2.5[ and \(t>\\i = |f?0|g,o + l^e'^l^.c 
we calculate 



|exp {—gt) (j) {t) — exp {—gs) (j) {.$) 



\H 



(5o,g (exp (-^mo) 0)) {u) du 



H 



|(5o,e (exp {-gmo) (p)) {u)\% du 



\{do,g(p - Q(p) (m)Ih exp {-2gu) du 



VW 



\{{So,Q - q) 0) {u)\h exp {-2gu) du 
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^^/\t^\^Jm<P\l, + \0<P\lo 

= \^\t-s\ 

which shows that the mapping under consideration is a well-defined continuous linear 
mapping. This mapping can now be extended by the obvious uniform continuity to all of 
ffg,! (M) (X) H due to the density of Cos (M; H) in H^^i (M) (g) H. 

Finally, to see that F : Hg^i(R) (S) H ^ Cg^co,i/2{^', H) is injective, assume {<pk)k ^ 
sequence in Cco{^',H) with the property that \4>k\grc 1/2 is a Cauchy sequence in 
Hg^i (M) <S) H with limit / e H^^i (M) (x) . We need to show that / = 0. Letting A; ^ 00 in 
the equality 

<^o,,0fc|^>o,o = {M -^o,-,V^>o,o ' 
where e C*oo (M; H) is arbitrary, we obtain 

<^o,./|^>o,o = 

for every ip e Coo (K; .ff) from which we conclude that 

do J = 

and hence 

/ = in Hg^i (R) (X) 

follows. □ 



Lemma 15.21 gives a criterion when it may be reasonable to impose initial conditions. The 
solution of the respective differential equation has to lie in some sense in the space iJ^ i(]R)(x) 
H. We need the following definition. 

Definition 5.3 (Dirac delta distribution). Let g g M>o. Then Xr>o ^ Hgfi(R). We define 
the Dirac delta distribution 6 in the point zero as the derivative of the Heavyside function: 

Clearly, S e i^^ Moreover, it is easy to see that 

6 : ^ K : 0^ 0(0). 

For a Hilbert space H and w e H we denote by 5 (x) e Hg^_i{M.) H the derivative of 
t Xi:>o(^)^- 

Now our perspective on initial value problems is as follows. 
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5.1 Initial Value Problems for ODE 

Theorem 5.4. Let Qo e M>o, H a Htlhert space, C > 0. Let F : (7oo(M; H) ^^(M; H)' 
he such that for all g e ffi>go there exists K g ]R>o such that for all u,w e C*oo(M; H) and 
ip E (^(^(M; H) the estimates 

|F(0)(V^)|<K|^|_,,o and \F{u){^) ~ F{w){ij)\ ^ C\ij\-,,o\u - w\,,o 

hold. Moreover, assume that F{(f)) = for all (p s Cro{^', H) with supp0 c (— oo,0). Let 
Q G ]R>go, Uq s H and denote by Fg : Hgfl{E.) ® H ^ Hg^iM) (x) H the unique Lipschitz 
continuous extension of F. Then the equation 

do^gU = Fg{u) + 5®Uq 

admits a unique solution u e Hgfi{M) ® H such that u — Xk>o('^o)^ ^ Hg^i(M) ® H and 
tt(0+) = Uq. 

Proof. The unique existence of n g H g^Q{M.) (S) H follows from Theorem 13.21 Moreover, from 
the equation that is satisfied by u we get 

Therefore, 

Hence, we read off that 

t H-> u{t) - XRj^oW^O 

lies in Hg i (R) (x) H and thus in 6*^,00,1/2(1^; H)., by Lemma [5 .21 As a consequence, 

w(0+) -Uq = {u- XR^a ® uo) (0+) 
= (u- Xr^o ® «o) (0-) . 
= u{0-) 

Theorem 14.51 yields the causality of dQ gFg. It follows that u{0—) = and therefore the 
initial condition 

U (0 + ) = Mo 

is satisfied. □ 

The fact that the solution depends continuously on the initial data is formulated in our 
setting as follows. 

Theorem 5.5. Let H be a Hilbert space, C, D g M>o- Let F, G : ^^(M; H) H)' 
be such that for all g g M>inax{c,D}; there exists K g ]R>o such that for all u,w e Coo(M; H) 
and ip G (^^^^(R; H) we have 

\F{u){^) - F{w)m < C|^|_,,o|w - w7|,,o and \G{u){iP) - G{w){iP)\ < D|V^|_,,o|« - w\g^o- 
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and 

|F(0)(^A)|<K|^|_,,o and |G'(0)(^)| ^ i^lV^I-^.o 

Let Uo,Wo e H and denote by Fg,Gg the respective extensions of F and G as continuous 
mappings within H^filM.) (x) H . Moreover, let u,w s Hg^o{^) 'S) H be the respective solutions 
of the differential equations 

do^gU = Fgiu) + 5®Uq and do^^w = Gg{w) + 5 (x) wq. 

Then the continuous dependence estimate 

\^-^\(,fi^ 77; 777— TnT f V2^l^o-w^ok + 2 sup \F^{x) - G^{x)\gfl 

{2q - [G + U)) y xeHg,om®H 

holds. 

Proof Define F^ : H^fi(U.)ig)H i^^_i(]R) g) : u ^ F^{u) + Sig)Uo and analogously Gg. 
Applying Theorem 13.61 and using Corollary 12.5^ we get 

h-w^lf,o^ I iFgix) -Gg{x)\^^^i 

1 



TT^. — sup \dQl{Fi,{x) + 5(g)Uo-Gi>{x) + 5(g)Uo)\g,i 

E xeHefi{M.)iSiH 



2s 



^0 7Fr—j^i\XR>o®{uo~wo)\gfi+ sup \do,l{Fg{x) -Gg{x))\,^o 

Zg — [U + U) y xeHefi(M.)(E)H 

I n\ 1 ^l'»o-^o|g + - sup - Gg(x)|g,o ) • □ 



5.2 Local Solvability 

It appears that the above solution theory only deals with global solutions. This is, however, 
not the case. To illustrate how to get local existence results we consider an initial value 
problem in a Hilbert space H 

dou{t)=g{t,u{t)), (10) 
w(0) = Wo, 

where 51 : [0, T] x if ^ i7 is a measurable function. Moreover, for every x s H it holds 
x) 6 L"([0, T], H) and there exists a radius 77 e M>o and a constant L e M>o such that 
for all y.,z s Bh{x, t]) = {w e H; \w — x\h ^ ''7} we have 

\g{-,y) - g{-,z)\L^^^[o,T];H) ^ L\y - z\h. (ii) 
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In this situation we derive the following Lemma. 



Lemma 5.6. Let uqS H and rj e ]R>o such that [Tl]) is satisfied for each y, z e Bh{uo, rj). 
We denote the projection on the closed, convex set Bh{uo, rj) by P. Then for each g e M>o 
the operator Fg defined by 

F, : C([0, T]; //) n (/7,,o(ffi) ® H) <^ H,fl{R) H,,oW ® H 

u^{t^X[o,T]{t)g(t,P{uit)))) 

is a Lip schitz- continuous mapping with limsup^^o^ l-^ekip < oo. Moreover, the continuous 
extension of Fg, for which we will use the same name is causal. 

Proof. For M, E C([0, T]; i/) n Hgfl{m) H we estimate 

f \Fg{u){t) - Fg{v){t%e-'^'dt = r \g{t, P(n(t))) - g{t, P{v{t))%e-''^'dt 

JR Jo 

^L^\ \P{u{t))- P{v{t))\le~^''dt 
Jo 

< r \u{t)-v{t)\le-^''dt 
Jo 

^L^\u-v\l,. 

This would prove the Lipschitz continuity, if we ensure that Fg is well-defined. This, 
however, follows by using the above estimate to obtain 

\Fg{u)\gfi < \Fg{u) - Fg(xK^o ® ^o)L,o + \FgixB.^o®uo)\g^o 



^ - XKj^o ®"o|e,o + \9{-,Uo)\l^{[o,t];H)\I ^ < ^■ 

The causality of Fg is straightforward. □ 

This Lemma shows that Fg satisfies the conditions of our solution theorem concerning 
initial value problems Theorem 15.41 Thus, there is Qq e M>o such that for all g e M>go we 
find a unique solution v e Hg^oiM.) (x) H of 

do,gV = Fg{v) + 5 0uo. (12) 

The next theorem asserts that a solution to (I12p satisfies Equation fllUp at least for some 
non-vanishing time interval. 

Theorem 5.7. Let g e M>gQ and let v e Hg^iM.) ® H be the solution of / fjgj) . Then there 
exists t^ e]0,T] such that v satisfies Equation / fiO)) on the interval [0,t*]. 
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Proof. For each t s [0,T] we obtain due to causality of 

= XM^t(rno)i^£)(XM«t(mo)t;) + 6<S)Uo 



and thus we estimate using the first inequality in Lemma 15.21 



2^sup{|-i;(s) - uqIhg ^""{s e [0, t]} 
= \XR^timo)Fg{xR^ti'rno)v)\g,o 

< \XM.^t{lTT'o)Fg{XR^t{'mo)v) - XRit{^o)Fg{X[0,t] ® Mo)le,o + \XR^t{^o)Fg{X[0,t] (8)Mo)|£.,o 



^|XK^t(mo)f - X[0,t]<S>Uo\gfi + |fi'(-,Mo)|L»([0,t]: 



1 - e-^st 



H)' 



< Lsup{|i;(s) - uolne ^'\se [0,t]}Vt + Mo)|L^([o,t];H) 



2f? 



2^ 



If we choose t < If we can conclude that 



l-e-2et 



2f? 



sup{|t;(s) -Molz/e | s e [0,t]} ^ ^ _ ^^ |^(-, -»o)|L'^([o,q;H)- 
Hence, 



SUp{|w(s) - Uq\h I S E [0,t]} < e^*^|j-^^-^|5((-,?/o)|L»([0,t];//)- 



Therefore, we can find t,^ e [0, T] such that 

sup{|v(s) - uq\h I s e [0, t^W ^ ?7, 



or in other words ?;[[0,t=f]] c BHiuo,?]) which implies 

do,,v{t) = Fs{v){t) = g{t,v{t)) 

for each t e (0,^=^). Since the initial condition v{0) = Uq is satisfied by definition of v and 
Theorem 15. 4^ the assertion follows. □ 
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5.3 Classical Delay Equations 

In this section we apply the existence theory to classical delay equations, in particular 
integro-differential and neutral equations. As a first step we observe that delay equations 
typically show a special structure which can be utilized to formulate natural assumptions 
for existence of solutions. 

5.3.1 A Structural Observation 

In many applications it turns out, that the function F of Theorem 13.21 factorizes as F = 
$ o 0, where for Hilbert spaces H and V we have 

»7eK>o 

and 

»?eM>o 

with appropriate Hilbert spaces H and V and suitable conditions on $ and G, which we 
specify later on. Thus, we arrive at a specialized form of the general problem ([3]) given by 

dou = $ (Qu) . 

We will prove well-posedness results for two particular cases. The first one. Theorem 15. 8[ 
describes discrete delay, the second one. Theorem I5.10[ deals with the whole past of u. 

Theorem 5.8. Let N e N, H Hilbert space, let Oq, . . .6n-i ^ K^o be distinct, s e (0, 1), 
^0 e R>o, $ : C'oo(M; H^) C+{R; H)' . Assume that for all q e ]R>^„, there is K e R>o 
such that for all u,w s Ccoi^', H^) and ip e (7^(1^; H) we have 

|$(0)(^)|<ir|V^|_,,i and |<l>(n)(VO-$HW|<s|V'|_,,i|n-«;|,,o. 

Denote by $g the continuous extension of^ as a mapping from H^ q (M)®//^ to H^ ^i (M)® 
H. For Q E M>gg let 6^ : (R)®H ^ H^^ (M) (x) H'^ be given by 

QgX = {tooX, Te^_,x) E H^fl (R) g) . 

Then, for g large enough, the equation 

do^^u = $g(e^(ti)) 

admits a unique solution u e iJ^, o(M) (x) H . Moreover, the solution operator is causal. 
Proof. Let q e ]R>^q. We observe that \\rh\\Hgfi{^)m->Hg,om®H ^ for all /i < 0, cf. 
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Example 12.121 Thus, limsupg^og|©g|Lip ^ 1- Hence, F := $goGg satisfies the assumptions 
of Theorem 13.21 if g is chosen large enough. Causality follows from Theorem 14.51 □ 

We introduce the mapping, which assigns to a function the respective past. 
Definition 5.9. Let H he a. Hilbert space. For a function tp -.M. ^ H, we define 

Without additional effort, we can easily consider classical delay equations involving the 
whole past of ti, e.g., equations with unbounded delay. 

Theorem 5.10. Let H he a Hilbert space, C, go e ]R>o, s g (0, 1/2). Let $ : rir/eiRx, -f^»7,o(K)(8) 
L2(M<o;-f^) C^{M.; H)' be such that for g e M>go, there is K g M>o such that for all 
u,wE n^eR>o ^r,,o(K) ® ^2(K<o; H) and ip G C'+(M; H) we have 

|$(0)(^)|<K|V^|_,,i and \^u){^f;)-^w){^|J)\^Cg'\4>\^,,^\u-w\,^o■ 
For g G M>g„ let $g denote the Lipschitz continuous extension of ^ as a mapping from 

2 

Hg^o{R) ® H to Hf,_i{R) (X) H. Then for g s R such that g > max{(^-^j ^'"^ , go} the 
equation 

admits a unique solution. Moreover, the solution operator is causal. 
Proof. Introduce the mapping 

e:Ct{R-H)^ fl H^^om®L\R^o:H):^^^(^.y 

»)eM>o 

We compute a possible Lipschitz constant for considered as a mapping from Hgfl{M)®H 
to //^,,o(K) ® I^^(K<o; H) for g g M>o- Let u,w e C'+(M; H). Then we have 





[ 




IR<(, . 




1 , 




— \u 


2g' 



\u{t + 9)- w{t + e)\]j exp(-2^(f + 9))dtexp{2g9)d9 



|2 



Now, let g g R^^^, u,we C+{R; H) and g C+(R; i/). Then 
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For g > max{|^-^j " , Qq} the assumptions on F in Theorem 13.21 are satisfied for the 
choice F = $ o G. Causahty follows from Theorem 14.51 □ 

Note that the Lipschitz continuity assumption on $ in Theorem 15.101 allows the Lipschitz 
constant to grow moderately for increasing g. 

Example 5.11. 

(a) The assumptions of Theorem 15.101 are satisfied for the following situation. Let H be 
a Hilbert space, g : x L2(]R<o; H) H with the property that there is L,K e R>o 
such that for all t e W, x,y e L2(]R<o) ® H we have 

\g{t,0)\^K and \g{t, x) - g{t,y)\H ^ L\x - y\. 

Then $ given by := (t g(t,u{t))) satisfies the assumption of Theorem 15.101 

(b) In turn, a possible choice for g may be as follows. Let /i : M x M<o x if — > if be such 
that for all t G R, ^ G ]R<o and x, z e H we have 

\h (t, 6,x) — h {t, 9, z)\fj ^ L\x — 

and h{t, 6, 0) = 0. Then ^ : M x L2(M<o) ®H ^ H defined as 

g{t,x) = f h(t,e,x{e))d9 

J — CO 

satisfies the condition in Example 15 . 1 1 Tlaj ) . 

Remark 5.12 (Initial value problems for delay differential equations). Let C, go e R>o and 
let $ : n^eK>o HriflW (2) i^^(K<o; H) C+{R; H) satisfy the following. For all ^ g R>p„ 
there exists K e R>o such that for all u,w e C'oo(R; iy^(M<o; H)) and -0 g (^^(M; H) it holds 

|$(0)(^)| < K\ij\.,,o and mu){^) - < C|^|_,,o|w - w\,,o. 

Denoting the Lipschitz continuous extension of $ to a mapping from Hgfi{M.)(S)L'^{R<o', H) 
to Hgfl{E?) (x) H hj we want to discuss a delay differential equation for a given x_oo ^ 

do,gu{t) = for t E M>o and ti(o) = x_oo- (13) 

Consider the following problem 

50,8^ = Xr>o("^o)$((2;-oo)(-) + W(.)) + 50 x_„(0-). (14) 

Then, according to Theorem 15. 4^ there exists a unique solution w e Hg Q(M.)(^H of Equation 
(fn|) such that w — XiR>o("^o)'f^ ^ ® ^ holds. Moreover, causality of 5^^^ implies 
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that supply c R^g- Indeed, we have 

Xm<o("^o)«^ = XM<o("^o)5(^e (XR>o("^o)$((a^-oo)(-) + + (5 ® x_oo(0-)) 

= XK<o("^o)5o^gXK>o("^o)$((X-oo)(.) + XR<oi'rno)(^oi^ ® ^-ooiO-) 

= XK<o('^o)5o^JxK<o("^o)XK>o("^o)^((a;-oo)(.) + w'c-)) 

+ XiR<o("^o)xi:>o("'^o) (S)a:_oo(0-) 
= 0. 

By construction, w satisfies the initial condition w{0+) = a;_oo(0— ). Moreover, by setting 



u : t 



wit), tGM^o 



we have do^gw{t) = for t e M>o- Thus, u is the desired solution of f|T3|) . The 

uniqueness of u follows from the uniqueness of w. 



5.3.2 Integro-Differential Equations 

In this section we want to give examples for differential equations leading to causal solution 
operators. The latter is closely related to functions of the time derivative or its inverse in 
the sense of Definition 12.101 We state some examples of functions of the time-derivative; 
we refer to [TB] and |23] . 

Example 5.13. 

(a) Convolutions (1): Consider k e L^(R) n L^(R) with inf supp /c = as a convolution ker- 
nel. Then, by the Paley- Wiener theorem (cf. [THl Chapter 19]), the Fourier transform 
k oik belongs to the Hardy-Lebesgue space, in particular, k is analytic as a function of 
R — 2]R>o (the lower complex half plane) to C. Moreover, since k e Li(R), the operator 
A;* : (/? 1-^ A; * (/J is a bounded operator in Hg^iM?) for any q e R>o. In order to prove that 
k* is a function of ^q"^, it suffices to consider the following. For g e Hq^q{E), we have 

k* g = ClCg{k * g) = V27r>C* (C^kC^g) = V27r£*/c(mo - ig)Cgg, 

thus interpreting Cgk as the multiplication operator /c(mo — ig), we are in the situation 
of M above, where M{z) = A;(— z^). 

(b) Convolutions (2): Let e e R>o, M : Bc{0,e) L{H) analytic. In [221 Theorem 1.5.6 
and Remark 1.5.7] it is shown that for g e 9.^2 there is e L^(R,exp{-'gt)dt] L{H)) 
such that 

{M{d,^l)g) (t) = M{0)g{t) + ( k{t - s)g{s)ds {g e (R, H)). 
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(c) Time shift: For r,h e M>o consider 

M{z) := ex.p{-z-^h) {z e 5c(r, r)). 

Then for g s the operator M(5q"M is given by r_/i, cf. Example 12.121 

(d) Fractional integrals d^'^, a e [0,1] , g e M>o. 

We summarize our findings in the following theorem. 

Theorem 5.14. Let H be a Hilbert space, r e M>o and let M,N : Bc{r,r) L(H) be 
analytic and bounded. Furthermore, let F : Ca:^{^\H) C^{M.; H) be as in the Picard- 
Lindeldf Theorem \3.2[ Moreover, assume that for g g ]R>£,o the respective continuous 
extensions Fg of F as mappings from Hgfi{M) ® H to //g^_i(]R) ® H satisfy 

limsup|Fg|Lip < sup \\M{z)\\l(h)- sup \\N{z)\\l{h) 

S^co zeB{r,r) zeB{r,r) 

Then there is gi e IR>max{£io — } ■^'"^^ ^^^^ Z^'" ^ ^>gi the equation 

do,,u = M{d^^l)F,iNid^^l)u) 
admits a unique solution u e Hg^Q(R) ® H . Moreover, the solution operator is causal. 

Proof. By the Remarks I2.11fe[] ) and (|C]) we have 

sup < sup ||M(^)|U(H) 

£'SK>i/2r V 1?, N ' V. ' zeB{r,r) 

and a similar estimate with M replaced by A^. Thus, for large enough M (Bq^^) Fg{N (d^'^) {■)) : 
Hg o(R) — > Hg_i(M.) (g)// is a contraction for all g e ]R>^^. Thus, Theorem 13.21 applies. 
Causality follows from Theorem 14.51 together with Remark r2.11lT5|) . □ 

5.3.3 Neutral Differential Equations 

In this section, we consider neutral differential equations, i.e., equations in which the 
derivative of the solution is evaluated at a point in the past. We emphasize that a solution 
theory of examples of such equations is indeed covered by the results of the previous 
section. A qualitative behavior of neutral differential equations of the following type has 
been discussed in [2^ [25] . A solution theory may be stated as follows. 

Theorem 5.15. Let H be a Hilbert space. A, B,C e L{H), hi, /i2, f?o ^ 1R>0; 
/ e ne>eo ^Qfi^) ® ^ ■ Then the equation 

3o,qU - Cdo^QT_h^u = Au + BT_h.^u + f (15) 
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admits a unique solution u e Hg^oiM.) (x) H for g large enough. Moreover, the solution 
operator is causal. 

Proof. By the above theorem, it suffices to show that Equation (fT5|) can be written in the 
form 

do,,u = M{d,}^)F{N{d,^l)u) 
for suitable F, M, N. In order to construct F, M, N we observe for Q,h s R>o the following 

T_h = exp(-/i5o,e) = exp{-hd^) exp{-hg) . 

As dg is skew-selfadjoint, ||exp(— /ify^) || = 1 and thus, ||r_ft|| = exp(— /if)). Moreover, by the 
above Example 15.13( 17!]). T_h is a bounded and analytic function of Oq^^. Choose g e M>go 
such that for < /i ^ /ii, /i2 it holds 

||Cexp(-/i(^o,e)|| ^ He'll l|exp(-/ic'o,e)|| = \\C\\exp{~hg) < 1. 

Then (1 — Cr^h) is boundedly invertible. As a composition, the latter is a function of Oq^^. 
We may rewrite (fT5|) as 

do,g{l - Cr_h^)u = {A + BT-h2)u + /. 

By the choice of g we get 

do,,u = (1 - CT-hJ-\{A + Bt^h,)u + /). 

For M{do,l) ■= {l-Cexp{-hdo,,)y\ N{c\l) := (A + S exp(~/i25o,,)) and F{v) := v + f 
for v,f E Hgfl{R) (X) H. Then Theorem [SlMl applies. □ 

As a concluding example, which illustrates the versatility and utility of the concepts devel- 
oped here, we consider a general class of neutral differential equations. We note that our 
observation concerning the factorization occurs in slightly different version than in Section 

Theorem 5.16. Let C, go e IR>o, H Hilbert space and let $ : n,7eR>o ^vfi ® (H ® H) 
OrjeR^o ^vfl ® H hc such that for all g e M>gQ there is K e ]R>o such that for all u,w e 

nr,eR>I HrifiW ® (H @ H) WC haVC 

\^{0)\gfii^K and \(^{u) ~ ^{w)]^,^ C\u ~ w\fyfi- 

Let a:R^]R, /3:R^R6e bijective, Lipschitz continuous with bounded measurable 
derivatives a.e. and a (s) ^ s , /3 (s) ^ s + Cq for some Eq e ]R>o '^i^'d all s e R. Denote by 
$g the continuous extension of ^ as a mapping from Hgfi(M.) (x) [H H) to Hg^Q{M.) (x) H 
for g E R>g(, . Then there is gi e R>go such that for g e R^^^, the equation 

do,eU = F {u) := {u o a'', {do,,u) o (16) 
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admits a unique solution u s H^ q (x) H. Furthermore the solution operator is causal. 



Proof. Let g g ]R>£,o, u,w s Coo(IR; H). We confirm the condition on F in Corollary 13.31 for 
k = 1. We estimate 

^' Jr 

= \u (s) — w {s)fj^ exp {—2ga (s)) \a'\{s) ds 
Jr 

(R) \u{s) -w{s)\%exp{~2gs) ds 



and similarly 



2 



|„o/3-i-«;o/3-i|' = r \u{s)-w{s)\lexp{-2gf3{s)) \(3'\{s) ds 

< \u{s)-w{s)fjjexp{-2g{s + £o)) ds 



\(,fl ■ 



< I/3'Iloo(r) exp (-2^eo) - w\ 
Consequently, we get 

^ C o - «; o a^^l^p + |(5o,^,n) o /J^^ - (do^gw) o 



Q 



Hence, F : Hq^i(M.) (S) H ^ Hgfi{M.) (x) H satisfies the condition in Corollary 13.31 Causality 
follows from Theorem 14.51 □ 

Example 5.17. A typical instance of our present problem class is = M^, N s N, and 
$ {u, v) = {t 1-^ g {t, u, v)) with g satisfying a uniform Lipschitz condition on R X X 



\g (t, u,v)-g {t, x,y)\^L{\u-x\ + \v- y\) {{t, u, v), {t, x, y) g R x R^ x R^). 
Thus, we obtain unique existence of solutions for 

x{t) = g {t, X {a~^ (t)) , X {l3^^ (t))) , t g R. 
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